By using the piecewise method, Lagrange interpolation formula and Lucas' theorem, we determine explicit expressions of the inverses of a class of reversed Dickson permutation polynomials and some classes of generalized cyclotomic mapping permutation polynomials over finite fields of characteristic three.
Introduction
For q a prime power, let F q denote the finite field with q elements, F * q = F q \ {0}, and F q [x] the ring of polynomials over F q . A polynomial f (x) ∈ F q [x] is called a permutation polynomial (PP) of F q if it induces a bijection from F q to itself. Hence for any PP f (x) of F q , there exists a polynomial f −1 (x) ∈ F q [x] such that f −1 (f (c)) = c for each c ∈ F q or equivalently f −1 (f (x)) ≡ x (mod x q − x), and f −1 (x) is unique in the sense of reduction modulo x q − x. Here f −1 (x) is defined as the composition inverse of f (x), and we simply call it the inverse of f (x) on F q .
Recently, some classes of PPs are found; see for example [10, 13, 23, 24, 26] for PPs of the form x r h(x q−1 ) of F q 2 , [16, 27] for PPs of the form (x q − x + c) s + L(x) of F q 2 , [9, 25, 31] for PPs of the form (ax q + bx + c) r φ((ax q + bx + c) s ) + ux q + vx of F q 2 , and [1, 4, 7] for PPs studied by using the Hasse-Weil bound and Hermite's criterion.
The construction of PPs of finite fields is not an easy subject. However, the problem of determining the inverse of a PP seems to be an even more complicated problem. In fact, there are few known classes of PPs whose inverses have been obtained explicitly; see for example [8, 11, 17, 29] for PPs of the form x r h(x (q−1)/d ), [20, 22] for linearized PPs, [19, 29] for generalized cyclotomic mapping PPs, [30] for general piecewise PPs, [3] for involutions over F 2 n , and [14, 15] for more general classes of PPs. The general results in [14, 15] also contain some concrete classes, such as bilinear PPs in [21] and linearized PPs of the form L(x) + K(x) in [12] . For a brief summary of the results concerning the inverses of PPs, we refer the reader to [28] and the references therein.
In the study of permutation behavior of the reversed Dickson polynomial, Hou [6] proved the following Lemma 1. Since the reversed Dickson polynomial D 3 n +5 (1, x) = f (1 − x) − 1, Hou equivalently proved that D 3 n +5 (1, x) is a PP of F 3 n for even n. Lemma 1. (see [6, Theorem1.1] ) Let n be a positive even integer. Then
is a PP of F 3 n .
The purpose of this paper is to find the inverse of f (x) in (1). The main idea of this paper is the combination of the piecewise method in [29] and some techniques in [28] .
The rest of the paper is organized as follows. Section 2 first gives a formula for the inverse of a class of piecewise PPs f (x), which converts the problem of determining the inverse of f (x) on F q to the problem of computing the inverse f 
. Applying these results in Section 2 to f (x) in (1), we reduce the coefficients of f −1 (x) into two classes of binomial coefficients in Section 3. Section 4 gives explicit values of these binomial coefficients by using a congruence of binomial coefficients and the Lucas' theorem. In other words, we determine the inverse of f (x) as follows.
In the last section, by an argument similar to the one used in Theorem 1, we also obtain explicit inverses of some generalized cyclotomic mapping PPs studied in [18] .
The inverse of a class of piecewise PPs
The piecewise methods for constructing PPs and their inverses were summarized in [2, 5] and [29] respectively. Applying these methods, we can easily get the following result.
Lemma 2. Let q be odd and f
2 ) with f (0) = 0,
q }, and
Lemma 2 converts the problem of determining f −1 (x) into the problem of computing f −1 s (x), the inverse of piece function f s (x) when restricted to C s . In Lemma 2, if q = 3 then f (x) = f −1 (x) = ±x in the sense of reduction modulo x 3 − x. We will give an expression of f −1 s (x) for q > 3 after the following lemma. Lemma 3. For q an odd prime power, let C 0 = {e 2 : e ∈ F * q } and
Proof. Let A = a∈C1 a k and ξ a prime element of F q . Obviously,
If
Thus A = 0. Then using (3) can complete the proof.
Theorem 2. For an odd prime power
induces a bijection from C s to C t , and
in the sense of reduction modulo x q−1 2
. Then by the Lagrange interpolation formula,
Hence c 0 = 0 and
Then by (4) and Lemma 3,
We next reduce the degree of f −1
s (x). Since f s (x) induces a bijection from C s to C t , we have f s (a) ∈ C t and f s (a) (q−1)/2 = (−1) t for any a ∈ C s , and so
Substituting it into (6) yields
In particular, if q > 3 then
where the last identity follows from Lemma 3. Therefore,
Substituting (7) into the formula above, we complete the proof.
The inverse of f (x) in Lemma 1
In this section, we will employ the results in Section 2 to compute the inverse of the PP f (x) in Lemma 1. First, let n > 0 be even, C 0 = {e 2 : e ∈ F * 3 n } and
can be written as
Lemma 1 stated that f (x) is a PP of F 3 n . It means that f 0 (x) (resp. f 1 (x)) induces an injection on C 0 (resp. C 1 ), and f 0 (C 0 ) ∩ f 1 (C 1 ) = ∅. Since n is even, 3 n ≡ 1 (mod 4), and so −1 ∈ C 0 . Hence f 0 (x) (resp. f 1 (x)) induces a permutation on C 0 (resp. C 1 ).
Since (x 3 )
We next apply Theorem 2 to determine the inverse of f 1 (x) on C 1 . Denote q = 3 n , u = (q − 3)/2, v = q − 2 and w i = q − 1 − i, where (q + 1)/2 ≤ i ≤ q − 2. Then
The degree of f 1 (x) wi is 3w i , and 3 ≤ 3w i < q − 1 + u, as shown in Figure 
Employing the following Lemma 4 and
n m+n−1 n for m, n > 0, we have
where (q + 1)/2 ≤ i < 2q/3. Similarly, if (q + 1)/2 ≤ i ≤ (5q − 3)/6, then
Lemma 4. [28, Lemma 9] Let q be a prime p power, and let r, k be integers with (10), (12) and (13), the inverse of f (x) in Lemma 1 on F 3 n is
where
in the sense of reduction modulo x 3 n −1 2 + 1.
Explicit values of binomial coefficients
This section will give the explicit values of binomial coefficients in (15) .
Proof. If 1 ≤ i < 3 n , then we can write i = i 0 + i 1 3 + i 2 3 2 + · · · + i n−1 3 n−1 , where i t = 0, 1, 2 for 0 ≤ t ≤ n − 1. Then
By the Lucas' theorem, if i 0 = 0 then 
.
if and only if one of the following conditions holds:
It is easy to obtain the following 3-adic expansion:
Thus, when (3 n + 1)/2 ≤ i ≤ (5 · 3 n − 3)/6, we can write
where i t = 0, 1, 2 for 0 ≤ t ≤ n − 2. Then by an argument similar to the one used in [28, Theorems 11 and 12] , we obtain the following two results.
Theorem 4. Let n ≥ 1 and (3 n +1)/2 ≤ i ≤ (5·3 n −3)/6. Then the following statements are equivalent: = (−1)
j+k . Substituting it into Theorem 5 can complete the proof.
According to Theorems 4 and 6, we can write (15) as the following form:
Substituting (17) into (14), we complete the proof of Theorem 1.
Slight generalization
In this section, we also let C 0 = {e 2 : e ∈ F * 3 n } and C 1 = F * 3 n \ C 0 . Let η be the quadratic character. By an argument similar to that used in Theorem 1, we deduce the inverses of some generalized PPs studied in [18] . [18, Theorem 4.7] ) Let α, β, γ, θ ∈ F * 3 n with n ≥ 1, and let
Lemma 5. (see
Then f (x) is a PP of F 3 n if and only if η(γ) = −1, η(θ) = 1 and η(α) = η(β).
Lemma 1 is a special case of Lemma 5 for n is even, γ = 0 and α = −β = θ = −1. The following result gives the inverse of f (x) in Lemma 5. 
v(x) = 0≤j≤k≤n−1 a jk θ β
and a jk is the same as in (18) .
